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We investigate the stability of a spatially homogeneous and isotropic non-singular cosmological
model. We show that the complete set of independent perturbations (the electric part of the per-
turbed Weyl tensor and the perturbed shear) are regular and well behaved functions which have no
divergences, contrary to previous claims in the literature.
I. INTRODUCTION
The existence of singularities appears to be a property
inherent to most of the physically relevant solutions of
Einstein equations, in particular to all known up-to-date
black hole and conventional cosmological solutions ([1]).
In the case of black holes, to avoid the singularity some
models have been proposed([2, 3, 4, 5]). These models
nonetheless are not exact solutions of Einstein equations
since there are no physical sources associated to them.
Many attempts try to solve this problem by modifying
general relativity ([6, 7, 8]). More recently it has been
shown that in the framework of standard general relativ-
ity it is possible to find spherically symmetric singularity-
free solutions of the Einstein field equations that describe
a regular black hole. The source of these solutions are
generated by suitable nonlinear vector field Lagrangians,
which in the weak field approximation become the usual
linear Maxwell theory ([9, 10, 11]). Similarly in Cosmol-
ogy many non-singular cosmological models with bounce
were constructed where the energy conditions or the va-
lidity of Einstein gravity were violated. Such models are
based on a variety of distinct mechanisms, such as a cos-
mological constant ([12]), non-minimal couplings ([13]),
nonlinear Lagrangians involving quadratics terms in the
curvature ([14]), modifications of the geometric structure
of space-time ([15]), quantum gravity([18]), and nonequi-
librium thermodynamics ([16]), among others to restrict
ourselves to homogeneous and isotropic solutions. Fur-
ther investigations on regular cosmological solutions can
be found in ([17]).
In a previous paper([19]) we have investigated a cos-
mological model with a source produced by a nonlinear
generalization of electrodynamics and succeeded to ob-
tain a regular cosmological model. The Lagrangian of
our model is a function of the field invariants up to sec-
ond order. This modification is expected to be relevant
when the fields reach large values, as is the case in the
primeval era of our universe. The model is in the frame-
work of the Einstein field equations and the bounce is
possible because the singularity theorems ([34]) are cir-
cumvented by the appearance of a negative pressure (al-
though the energy density is positive definite). Recently
some papers started a detailed investigation of the tran-
sition from contraction to expansion in the bounce of sev-
eral models ([20]). In particular, in Einstein general rel-
ativity, models with stress-energy sources constituted by
a collection of perfect fluids and Friedmann-Robertson-
Walker like geometry were examined([24]). The claim in
that paper is that a generic result about the behavior of
scalar adiabatic perturbations was obtained. The result
is the following: scalar adiabatic perturbations can grow
without limit in two situations represented by the points
where the scale factor attains its minimum value and
where ρ+ p = 0. The first point corresponds to the mo-
ment in which the Universe passes through the bounce;
the second corresponds to the transition from the region
where the Null Energy Condition (NEC) is violated to
the region where it is not. We will show that these in-
stabilities are not an intrinsic property of a model with
bounce as claimed in reference[24] but a consequence of
the existence of a divergence already appearing in the
background solution if the description of the source is
made in terms of a perfect fluid. We will present a specific
example of a model with bounce, generated by a source
representing two non-interacting perfect fluids, that has
regular perturbations in the situations described on ref-
erence [24].
II. THE MODEL
We limit our analysis to a model [19] in which the
singularity of the Friedmann-Robertson-Walker (FRW)
geometry is avoided by the introduction of nonlinear cor-
rections to Maxwell electrodynamics. We will consider
modifications up to second order terms in the field in-
variants
L = −1
4
F + αF 2 + β G2, (1)
where F = FµνF
µν , G
.
= 12ηαβµνF
αβFµν , α and β are ar-
bitrary constants[26]. The term FG will not be included
in order to preserve parity. The energy-momentum ten-
sor for nonlinear electrodynamic theories reads
Tµν = −4LF FµαFαν + (GLG − L) gµν , (2)
2where LF represents the partial derivative of the La-
grangian with respect to the invariant F and similarly
for the invariant G. In the early universe, matter should
be identified with a primordial hot plasma [29, 30] and
as a consequence we are led to the case in which only the
average of the squared magnetic field survives (see [19]
and references cited there for details). Since the average
procedure is independent of the equations of the electro-
magnetic field we can use it in the generic expression of
the energy-momentum tensor to obtain
Tµν = (ρ+ p) vµvν − p gµν , (3)
where
ργ =
1
2
H2 (1− 8αH2), (4)
pγ =
1
6
H2 (1− 40αH2). (5)
The standard result of the linear Maxwell theory can be
recovered by setting α = β = 0.
We set for the fundamental line element
ds2 = dt2− a
2(t)
1 + ǫr2/4
[
dr2 + r2 (dθ2 + sin2 θ dϕ2)
]
, (6)
where ǫ = −1, 0, +1 hold for the open, flat (or Eu-
clidean) and closed cases, respectively. The Einstein’s
equations and the equation of energy conservation writ-
ten for this metric become:
(
a˙
a
)2 +
ǫ
a2
− 1
3
ργ = 0, (7)
− 2 a¨
a
− ( a˙
a
)2 − ǫ
a2
− pγ = 0, (8)
ρ˙γ + 3(ργ + pγ)
a˙
a
= 0, (9)
Inserting (4) and (5) in (9) yields for the magnetic field:
H = H0a
−2, (10)
where H0 is an arbitrary constant. With this result the
equation (7) can be integrated. For the case ǫ = 0 the
solution is:
a(t)2 = H0
[
2
3
(kc2t2 + 12α)
]1/2
. (11)
The interpretation of the source as a one component
perfect fluid in an adiabatic regime has some difficulties
that are at the origin of the instabilities found in ([24]).
The sound velocity of the fluid in this case is given by
([37]) (
∂pγ
∂ργ
)
=
p˙γ
ρ˙γ
= − p˙γ
θ(ργ + pγ)
(12)
This expression, involving only the background, is not
defined at the points where the energy density attains an
extremum given by θ = 0 and ργ+pγ = 0. In terms of the
cosmological time they are determined by t = 0 and t =
±tc = 12α/kc2. These points are well-behaved regular
points of the geometry indicating that the description of
the source is note appropriate.
This difficulty can be circumvented if we adopt an-
other description for the source of the model. This can
be achieved if we separate the part of the source re-
lated to Maxwell dynamics from the additional non-linear
α−dependent term on the Lagrangian. By doing this the
source automatically splits in two noninteracting perfect
fluids:
Tµν = T
1
µν + T
2
µν , (13)
where,
T 1µν = (ρ1 + p1) vµvν − p1 gµν , (14)
T 2µν = (ρ2 + p2) vµvν − p2 gµν , (15)
and
ρ1 =
1
2
H2 (16)
p1 =
1
6
H2. (17)
ρ2 = −4αH4 (18)
p2 = − 20
3
αH4. (19)
Using the above decomposition it follows that each one
of the two components of the fluid satisfy independently
equation (9). This indicates that the source can be de-
scribed by two non-interacting perfect fluids with equa-
tion of states p1 = 1/3 ρ1 and p2 = 5/3 ρ2. The equation
of state for the second fluid should be understood only
formally as a mathematical device to allow for a fluid
description.
III. GAUGE INVARIANT TREATMENT OF
PERTURBATION
In a series of papers [31, 32, 33] we have established
a complete and self-consistent theory to deal with the
problem of perturbations of the FRW cosmology. The
very well-known problem of the gauge dependence of the
perturbations was addressed and solved by the introduc-
tion of a complete set of gauge invariants variables that
represents direct observable quantities. We present here
a summary of this formalism in order to fix the notation
and to aim for the self consistence of this paper.
The source of the background geometry is represented
by two-fluids, each one having an independent equation
3of state relating the pressure and the energy density
(pi = λiρi, where the i = 1, 2. Following the standard
procedure we consider arbitrary perturbations that pre-
serves each equation of state. Thus the general form of
the perturbed energy-momentum tensor is written as
δT iµν = (1 + λi) δ(ρivµvν)− λiδ(ρigµν). (20)
The background geometry is conformally flat. Thus
any perturbation of the Weyl tensor is a true perturba-
tion of the gravitational field. It is convenient to repre-
sent the Weyl tensorWαβγδ in terms of its corresponding
electric and magnetic parts (these names come from the
analogy with the electromagnetic field):
Eαβ = −Wαµβνvµvν (21)
Hαβ = −W ∗αµβνvµvν . (22)
These variables have the advantage that since they are
null in the background, their perturbations are gauge in-
variant quantities [34]. These definitions imply for the
tensors Eµν and Hµν the following properties:
Eµν = Eνµ, Eµνv
µ = 0, Eµνg
µν = 0,
and for the magnetic tensor:
Hµν = Hνµ, Hµνv
µ = 0, Hµνg
µν = 0.
A. Some mathematical machinery
The metric gµν and the vector v
µ (tangent to a time-
like congruence of curves Γ) induce a projector tensor
hµν which separates any tensor in terms of quantities
perpendicular and parallel to vµ. The projector is defined
as
hµ
λ ≡ δµλ − vµ vλ, (23)
and has the property that
hµνh
νλ = hµ
λ. (24)
The equations of motion for the first order perturba-
tions are linear so it is useful to develop all perturbed
quantities in the spherical harmonics basis. In this paper
we will limit our analysis to perturbations represented in
the scalar base defined by the equation:
hµν▽ˆµ▽ˆνQ(n) = −m2n
1
a2
Q(n), (25)
where m is the wave number and ▽ˆµ is the covariant
derivative in the hypersurface with normal vµ and metric
hµν . From now on we will suppress the index n.
The scalar Q allows us to define the associated vector
πµ and traceless tensor Pµν :
πµ =
a2
m2
hµ
ν▽ˆνQ, (26)
Pµν = ▽ˆµπν −
1
3
hµνQ. (27)
In the case of scalar perturbations the fundamental set
of equations, determining the dynamics of the perturba-
tions are (see the appendix):
(δEµν1 )
•hµ
αhν
β + (δEµν2 )
•hµ
αhν
β +Θ(δEαβ1 + δE
αβ
2 )
= −1
2
(ρ1 + p1) δσ
αβ
1
− 1
2
(ρ2 + p2) δσ
αβ
2 (28)
(δE1αµ + δE
2
αµ);νh
αε hµν =
1
3
(δρ1 + δρ2),αh
αε
− 1
3
ρ˙1 δv
ε
1 −
1
3
ρ˙2 δv
ε
2 (29)
(
δσ1µν
)•
+
(
δσ2µν
)•
+
1
3
hµν(δa
α
1 + δa
α
2 );α
− 1
2
(δa1α;β + δa
2
α;β) h(µ
α hν)
β
+
2
3
Θ (δσ1µν + δσ
2
µν) = −δE1µν − δE2µν(30)
− λ1δ
(
ρ,β h
β
µ
)
+ (1 + λ1)ρ δa
1
µ = 0 (31)
− λ2δ
(
ρ,β h
β
µ
)
+ (1 + λ2)ρ δa
2
µ = 0. (32)
The acceleration aµ, the expansion Θ and the shear σµν
that appear in the above equations are parts of the ir-
reducible components of the covariant derivative of the
velocity field defined as:
aµ = vµ;νv
ν , (33)
Θ = vµ;µ, (34)
σαβ =
1
2
hµ(αh)β
νvµ;ν − 1
3
Θhαβ. (35)
The expansion of the perturbations in terms of the spher-
ical harmonic basis is[27]
δρ = N(t)Q, (36)
δvµ = V (t)hµαQ|α, (37)
δaµ = V˙ hµαQ|α, (38)
δEµν = E(t)Pµν , (39)
δσµν = Σ(t)Pµν , (40)
4B. Perturbation of a bouncing universe
After presenting the necessary formalism we shall to
start the analysis of the perturbations of the bouncing
cosmological model displayed in previous section. Using
the above expansion into the equations (cf. apendix)
(100), (103), (105), (111) and (32) we obtain:
E1 + E2 =
a2
6ǫ+ k2
(N1 +N2 − ρ˙1V1 − ρ˙2V2) , (41)
E˙1 + E˙2 +
1
3
Θ (E1 + E2)
= −
(
1 + λ1
2
)
ρ1Σ1 −
(
1 + λ1
2
)
ρ2Σ2,(42)
Σ˙1 + Σ˙2 − V˙1 − V˙2 = −E1 − E2, (43)
− λ1 (N1 − ρ˙1V1) + (1 + λ1) ρ1V˙1 = 0, (44)
− λ2 (N2 − ρ˙2V2) + (1 + λ2) ρ2V˙2 = 0, (45)
These equations can be rewritten in a more convenient
way as:
Σ˙1 = −
(
2λ1(3ǫ+ k
2)
a2(1 + λ1)ρ1
+ 1
)
E1, (46)
Σ˙2 = −
(
2λ1(3ǫ+ k
2)
a2(1 + λ2)ρ2
+ 1
)
E2, (47)
E˙1 +
1
3
ΘE1 = −1
2
(1 + λ1) ρ1LΣ1, (48)
E˙2 +
1
3
ΘE2 = −1
2
(1 + λ2) ρ2Σ2, (49)
As we have shown in ([31]), the whole set of scalar per-
turbations can be expressed in terms of the two basic
variables: Ei and Σi. The corresponding equations can
be decoupled. The result in terms of variables Ei is the
following:
E¨i +
4 + 3λi
3
ΘE˙i + {2 + 3λi
9
Θ2
− (2
3
+ λi)ρi
− 1
6
(1 + 3λj)ρj − 3ǫ+ k
2)λi
a2
}Ei = 0. (50)
Note that there is no sum in indices and j 6= i in this
expression. In our case the values of λi are λi =
(
1
3 ,
5
3
)
.
In the first case the equation for the variable E1 became:
E¨1 +
5
3
ΘE˙1 +
[
1
3
Θ2 − ρ1 − ρ2 − 5k
2
3a2
]
E(1) = 0 (51)
We should analyze the behavior of these perturbations
in the neighborhood of the points where the energy den-
sity attain an extremum. This means not only the bounc-
ing point but also the point in which ρ+ p vanishes. Let
us start by the exam at the bouncing point t = 0.
The expansion of the equation of E1 in the neighbor-
hood of the bouncing, up to second order, is given by:
E¨1 + atE˙1 + (b+ b1t
2)E1 = 0 (52)
The constant a and the parameter b are defined as follows
a =
5
2t2c
(53)
b = − m
2
√
6H0tc
(54)
b1 = − b
2t2c
− 3
4t4c
(55)
Defining a new variable f as
f(t) = E1(t)exp
(
+
a
4
− i
2
√
b1 − a
2
4
)
t2, (56)
doing a coordinate transformation for time as indicated
bellow
ξ = −i(
√
b1 − a
2
4
)t2, (57)
We obtain the following confluent hypergeometric equa-
tion ([38])
ξf¨ + (1/2− ξ)f˙ + ef = 0, (58)
where
e =
i(b− a/2)
4(b1 − a2/4)1/2 −
1
2
. (59)
The solution of this equation is given by:
f(t) = A M(d, 1/2,−i(
√
b1 − a
2
4
)t2), (60)
where A is an arbitrary constant and M(d, 1/2, ξ) con-
fluent hypergeometric function. The confluent hypergeo-
metric function is well behaved in this neighborhood and
so also is the perturbation E1(t)given by:
E1(t) = Re[A M(d, 1/2,−i(
√
b1 − a
2
4
)t2)
∗ exp
(
−a
4
+
i
2
√
b1 − a
2
4
)
t2]. (61)
5The perturbation E2 at this same neighborhood, after
the same procedure we did before result in the following
equation:
E¨2 + atE˙2 + (b+ b1t
2)E2 = 0 (62)
This is the same equation we obtained for E1, they differ
only by the values of the parameters a, b and b1 that in
this case are:
a =
9
2t2c
(63)
b =
3
2t2c
− 5 m
2
√
6H0tc
(64)
b1 = − 5m
2
t3cH0
√
6
− 5
t4c
(65)
Then the solution in this case is:
E2(t) = Re[AM
(
d, 1/2,−i(
√
b1 − a
2
4
)
t2)
∗ exp−
(
a
4
− i
2
√
b1 − a
2
4
)
t2], (66)
Again the confluent hypergeometric function is well be-
haved in this neighborhood and so also is the perturba-
tion E2(t). At the neighborhood of the point t = tc the
equation for the perturbation E1 is given by
E¨1 + aE˙1 + (b+ b1t)E1 = 0 (67)
where the parameters a, b, b1 in this case are given by
a =
5
4tc
(68)
b= − 3
4t2c
−
√
3m2
6H0tc
(69)
b1 =
√
3
4t2c
(
m2
3H0
− 3
2tc
)
(70)
We would like to remark that this equation is different
from the equations (52,62) obtained in the neighborhood
of t = 0. We proceed doing the following variable trans-
formation:
E1(t) = exp−at
2
w(t) (71)
The differential equation for this new variable is
w¨ +
(
b− (a/2)2 + b1t
)
w = 0 (72)
The solution for this equation is
w(t) =
[
w0 AiryAi
(
−b− (a/2)
2 + b1t
b2/3
)]
(73)
The AiryAi are regular well behaved functions in this
neighborhood and so also the perturbations E1. Finally
we look for the equation of E2 at the neighborhood of
t = t0, it becomes
E¨2 + aE˙2 + (b+ b1t)E2 = 0 (74)
where the parameters a, b, b1 in this case are given by
a =
9
4tc
(75)
b =
5
tc
(
5
4tc
−
√
3m2
6H0
)
(76)
b1 =
5
√
3
2t2c
(
1
tc
− m
2
6H0
)
(77)
This equation differ from eq.(67) only by the numerical
values of the parameters a, b, b1 so we obtain the same
regular solution
E2 = Re
(
exp−at
2
w0AiryAi[−b− (a/2)
2 + b1t
b
2/3
1
]
)
(78)
IV. CONCLUSION
Recently there has been a renewed interest on nonsin-
gular cosmology. As a direct consequence of this some
authors have argued against these models based on in-
stability reasons. In ([24]) it has been argued that a
rather general analysis shows that there are instabilities
associated to some special points of the geometrical con-
figuration. They correspond to the points of bouncing of
the model and maxima of the energy density, where the
description of the matter content in terms of a single per-
fect fluid does not apply. In the present paper we have
shown, by a direct analysis of a specific nonsingular uni-
verse, that the result claimed in the quoted paper does
not apply to our model. We took the example from a re-
cent paper ([19]) in which the avoidance of the singularity
comes from a non linear electrodynamic theory. We used
the quasi Maxwellian equations of motion ([31], [32], [33])
in order to undertake the analysis of the perturbed set
of Einstein equations of motion. We showed that in the
neighborhood of the special points in which a change of
regime occurs, all independent perturbed quantities are
well behaved. Consequently the model does not present
any difficulty concerning its instability. This paves the
way to investigate models with bounce in more detail
and to consider them as good candidates to describe the
evolution of the Universe.
6V. APPENDIX A: COMPARISON WITH
OTHERS GAUGE-INVARIANT VARIABLES
FRW cosmology is characterized by the homogeneity
of the fundamental variables that specify its kinematics
(the expansion factor Θ), its dynamics (the energy den-
sity ρ) and its associated geometry (the scalar of curva-
ture R). This means that these three quantities depend
only on the global time t, characterized by the hypersur-
faces of homogeneity. We can thus use this fact to define
in a trivial way 3-tensor associated quantities, which van-
ish in this geometry, and look for its corresponding non-
identically vanishing perturbation. The simplest way to
do this is just to let U be a homogeneous variable (in the
present case, it can be any one of the quantities ρ, Θ or
R), that is U = U(t). Then use the 3-gradient operator
(3)▽µ defined by
(3)▽µ ≡ hµλ ▽λ (79)
to produce the desired associated variable
Uµ = hµ
λ ▽λ U. (80)
In [36] these quantities were discussed and its associ-
ated evolution analysed. In the present section we will
exhibit the relation of these variables to our fundamen-
tal ones. We shall see that under the conditions of our
analysis[39] these quantities are functionals of our basic
variables (E and Σ) and of the background ones.
A. The matter variable χi
It seems useful to define the fractional gradient of the
energy density χα as [36]
χα ≡ 1
ρ
(3) ▽α ρ. (81)
Such quantity χα is nothing but a combination of the
acceleration and the divergence of the anisotropic stress.
Indeed, from the above equations it follows (in the frame
in which there is no heat flux)
δχi =
(1 + λ)
λ
δai +
1
λρ
δΠi
β
;β (82)
¿From what we have learned above it follows that this
quantity can be reduced to a functional of the basic quan-
tities of perturbation, that is Σ and E, yielding
δχi = −2
(
1− 3K
m
)
1
ρA2
(
E − ξ
2
Σ
)
Qi. (83)
B. The kinematical variable ηi
The only non-vanishing quantity of the kinematics of
the cosmic background fluid is the (Hubble) expansion
factor Θ. This allows us to define the quantity ηα as:
ηα = hα
β Θ,β. (84)
Using the constraint relation eq.(97) we can relate this
quantity to the basic ones:
δηi = − Σ
A2
(
1− 3K
m
)
Qi. (85)
C. The geometrical variable τ
We can choose the scalar of curvature R which depends
only on the cosmical time t like ρ and Θ to be the U -
geometrical variable. However it seems more appealing
to use a combined expression τ involving R, ρ and Θ
given by
τ = R+ (1 + 3λ) ρ− 2
3
Θ2. (86)
In the unperturbed FRW background this quantity is de-
fined in terms of the curvature scalar of the 3-dimensional
space and the scale factor A(t):
(3)R
A2
.
We define then the new associated variable τα as
τα = hα
β τ,β . (87)
This quantity τα vanishes in the background. Its pertur-
bation can be written in terms of the previous variations,
since Einstein’s equations give
τ = 2
(
ρ− 1
3
Θ2
)
.
VI. APPENDIX B: QUASI-MAXWELLIAN
EQUATIONS
We list below the quasi-Maxwellian equations of grav-
ity. They are obtained from Bianchi identities as true
dynamical equations which describe the propagation of
gravitational disturbances. Making use of Einstein’s
equations and the definition of Weyl tensor, Bianchi iden-
tities can be written in an equivalent form as
Wαβµν ;ν =
1
2
Rµ[α;β] − 1
12
gµ[αR,β]
= −1
2
T µ[α;β] +
1
6
gµ[αT ,β].
Using the decomposition of Weyl tensor in terms of
Eαβ and Hαβ (see Section III) and projecting appro-
priately, Einstein’s equations can be written in a form
7which is similar to Maxwell’s equations. There are 4 in-
dependent projections for the divergence of Weyl tensor,
namely:
Wαβµν ;ν VβVµ hα
σ,
Wαβµν ;ν η
σλ
αβ VµVλ,
Wαβµν ;ν hµ
(σ ητ)λαβ Vλ,
Wαβµν ;ν Vβ hµ(τhσ)α.
The unperturbed quasi-Maxwellian equations are thus
given by:
hεαhλγ Eαλ;γ + η
ε
βµνV
β Hνλ σµλ + 3H
εν ων
=
1
3
hεα ρ,α +
Θ
3
qε − 1
2
(σεν − 3ωεν) qν
+
1
2
πεµ aµ +
1
2
hεα πα
ν
;ν (88)
hεα hλγ Hαλ;γ − ηεβµν V β Eνλ σµλ − 3Eεν ων
= (ρ+ p)ωε − 1
2
ηεαβλ Vλ qα;β
+
1
2
ηεαβλ(σµβ + ωµβ) π
µ
α Vλ (89)
hµ
εhν
λ H˙µν + ΘHελ − 1
2
Hν
(εhλ)µ V
µ;ν
+ ηλνµγηεβτα VµVτ Hαγ Θνβ
− aαEβ (ληε)γαβ Vγ
+
1
2
Eβ
µ
;α hµ
(εηλ)γαβ Vγ
= −3
4
q(εωλ) +
1
2
hελ qµωµ
+
1
4
σβ
(εηλ)αβµ Vµqα
+
1
4
hν(εηλ)αβµ Vµ πνα;β (90)
hµ
εhν
λ E˙µν + ΘEελ − 1
2
Eν
(εhλ)µ V
µ;ν
+ ηλνµγηεβτα VµVτ EαγΘνβ
+ aαHβ
(ληε)γαβ Vγ
− 1
2
Hβ
µ
;α hµ
(εηλ)γαβ Vγ
=
1
6
hελ(qµ;µ − qµaµ − πνµσµν)
− 1
2
(ρ+ p)σελ +
1
2
q(εaλ)
− 1
4
hµ(εhλ)α qµ;α +
1
2
hα
εhµ
λ π˙αµ
+
1
4
πβ
(εσλ)β − 1
4
πβ
(εωλ)β +
1
6
Θπελ.(91)
The contracted Bianchi identities and Einstein’s equa-
tions give the conservation law
T µν ;ν = 0.
Projecting it both in the parallel and the orthogonal sub-
spaces we obtain:
T µν ;νVµ = 0,
T µν ;νhµ
α = 0,
which give the following equations:
ρ˙+ (ρ+ p)Θ + q˙µVµ + q
α
;α − πµνΘµν = 0, (92)
(ρ+ p)aα − p,µhµα + q˙µhµα +Θqα
+ qνΘαν + q
νωαν + πα
ν
;ν
+ πµνΘµνVα = 0, (93)
and, from the definition of Riemann curvature tensor
Vµ;α;β − Vµ;β;α = RµεαβV ε,
we obtain the equations of motion for the unperturbed
kinematical quantities as:
Θ˙ +
Θ2
3
+ 2σ2 + 2ω2 − aα;α = RµνV µV ν , (94)
hα
µhβ
ν σ˙µν +
1
3
hαβ(−2ω2 − 2σ2 +
aλ;λ) + aαaβ − 1
2
hα
µhβ
ν (aµ;ν + aν;µ)
+
2
3
Θσαβ + σαµσ
µ
β + ωαµω
µ
β
= RαεβνV
εV ν − 1
3
RµνV
µV νhαβ ,(95)
hα
µhβ
ν ω˙µν − 1
2
hα
µhβ
ν(aµ;ν − aν;µ) + 2
3
Θωαβ
+ σαµω
µ
β − σβµωµα = 0. (96)
We also obtain from the definition of Rαβµν three con-
straint equations:
2
3
Θ,µh
µ
λ−(σαγ+ωαγ);αhγλ−aν(σλν+ωλν) = RµνV µhνλ,
(97)
ωα;α + 2ω
α aα = 0, (98)
− 1
2
hτ
ε hλ
α ηε
βγν Vν (σαβ + ωαβ);γ + a(τ ωλ) = Hτλ.
(99)
These results constitute a set of 12 equations which
will be used to describe the evolution of small pertur-
bations in FRW background. Writing all the perturbed
quantities in the form
X(perturbed) = X(background) + δX
8and after straightforward manipulations we finally obtain
the perturbed equations from the set of equations (88)-
(99) as:
(δEµν)• hµ
αhν
β + Θ (δEαβ)− 1
2
(δEν
(α)hβ)µ V
µ;ν
+
Θ
3
ηβνµε ηαγτλ VµVτ (δEελ) hγν
− 1
2
(δHλ
µ);γ hµ
(αηβ)τγλVτ
= −1
2
(ρ+ p) (δσαβ)
+
1
6
hαβ (δqµ);µ − 1
4
hµ(αhβ)ν (δqµ);ν
+
1
2
hµ(αhβ)ν (δΠµν)
• +
1
6
Θ (δΠαβ)
(100)
(δHµν)• hµ
αhν
β + Θ (δHαβ)− 1
2
(δHν
(α)hβ)µ V
µ;ν
+
Θ
3
ηβνµε ηαλτγ VµVτ (δHεγ) hλν
− 1
2
(δEλ
µ);τ hµ
(αηβ)τγλ Vγ
=
1
4
hν(αηβ)ετµ Vµ (δΠνε);τ (101)
(δHαµ);νh
αεhµν = (ρ+ p) (δωε)− 1
2
ηεαβµ Vµ (δqα);β
(102)
(δEαµ);νh
αε hµν =
1
3
(δρ),αh
αε − 1
3
ρ˙ (δV ε)
− 1
3
ρ,0 (δV
0) V ε
+
1
2
hεα (δΠ
αµ);µ +
Θ
3
(δqε)(103)
(δΘ)• +
2
3
Θ (δΘ)− (δaα);α = − (1 + 3λ)
2
(δρ) (104)
(δσµν )
• +
1
3
hµν(δa
α);α − 1
2
(δa(α);β) hµ
α hν
β
+
2
3
Θ (δσµν) = −(δEµν)− 1
2
(δΠµν ) (105)
(δωµ)• +
2
3
Θ (δωµ) =
1
2
ηαµβγ (δaβ);γ Vα (106)
2
3
(δΘ),λ h
λ
µ − 2
3
Θ˙ (δVµ) +
2
3
Θ˙ (δV 0) δµ
0
− (δσαβ + δωαβ);αhβµ = −(δqµ)(107)
(δωα);α = 0 (108)
(δHµν) = −1
2
hα(µ h
β
ν)((δσαγ);λ + (δωαγ);λ) ηβ
εγλ Vε
(109)
(δρ)• +Θ (δρ+ δp) + (ρ+ p) (δΘ) + (δqα);α = 0 (110)
p˙ (δVµ) + p,0 (δV
0) δµ
0 − (δp),β hβµ + (ρ+ p) (δaµ)
+ hµα(δq
α)• +
4
3
Θ (δqµ) + hµα (δπ
αβ);β = 0.
(111)
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